Consider an o-minimal structure on the real field. Let M be a definable C r manifold, where r is a nonnegative integer. We first demonstrate an equivalence of the category of definable C r vector bundles over M with the category of finitely generated projective modules over the ring C r df (M ). Here, the notation C r df (M ) denotes the ring of definable C r functions on M . We also show an equivalence of the category of definable C r bilinear spaces over M with the category of bilinear spaces over the ring C r df (M ). The main theorems of this paper are homotopy theorems for definable C r vector bundles and definable C r bilinear spaces over M . As an application, we show that the Grothendieck rings K 0 (C r df (M )), K 0 (C 0 df (M )) and the Witt ring W (C r df (M )) are all isomorphic.
Introduction
O-minimal structure was initially a subject of mathematical logic, but it was realized that an o-minimal structure provides an excellent framework of geometry [vdD] . It is considered to be a generalization of semialgebraic geometry [BCR] , and geometric assertions on semialgebraic sets are generalized to the o-minimal case, such as triangulation and trivialization [vdD] .
In real algebraic geometry, a systematic study of algebraic vector bundles over real algebraic varieties is given in a series of papers: [BBK, BK1, BK2, BK3, BK4, BK5, BK6, BK7, BK8, BK9, Ku] , and a part of the results is summarized in [BCR, Chapter 12] . Semialgebraic vector bundles are also studied in [BCR, CKP] . For instance, there is an equivalence of the category of finitely generated project modules over the ring of regular functions on an affine real algebraic variety with algebraic vector bundles over the variety by [BCR, Proposition 12.1.12] . We also find a similar equivalence for semialgebraic objects in [BCR, Corollary 12.7.6] . It is natural to generalize these studies to the o-minimal case. A study on definable fiber bundles was already done in [Ka2] , but we cannot find an assertion on an equivalence of the category of definable C r vector bundles with the category of finitely generated projective modules over the ring of definable C r functions.
We fix an o-minimal structure on the real field throughout this paper. The term 'definable' means 'definable in the o-minimal structure' in this paper. Let M be a definable C r manifold, where r is a nonnegative integer. Note that all definable C r manifolds are affine by [Ka1, Theorem 1 .1] and [F, Theorem 1.3] . We use this fact without explicitly stated in this paper. The notation C r df (M ) denotes the ring of definable C r functions on M . We investigate several categories in this paper. The first category is VB r df (M ); the objects are definable C r vector bundles over M , and the arrows are definable C r M -morphisms between definable C r vector bundles. The second category is Proj(R), where R is a commutative ring. The objects are finitely generated projective R-modules, and the arrows are homomorphisms between R-modules.
For any definable C r vector bundle ξ over a definable C r manifold M , Γ(ξ) denotes the set of all definable C r sections of ξ. It is a finitely generated projective C r df (M )-module. The notation Γ(ϕ) is the induced homomorphism from Γ(ξ) to Γ(ξ ′ ) for any definable C r M -morphism ϕ : ξ → ξ ′ . Γ is a covariant functor from VB r df (M ) to Proj(C r df (M )). The following is the first main theorem in this paper: Main Theorem 1.1. Let M be a definable C r manifold, where r is a nonnegative integer. Then, the functor Γ is an equivalence of the category VB r df (M ) with the category Proj(C r df (M )). We define a definable C r bilinear space over a definable C r manifold in Section 5. A bilinear space over a commutative ring is defined in [BCR, MH] . We show an equivalence of bilinear spaces. Let M be a definable C r manifold, where r is a nonnegative integer. The notation BS r df (M ) is the category whose objects are definable C r bilinear spaces over M and whose arrows are definable C r Mmorphisms between definable C r bilinear spaces. We also consider the category BS(R), where R is a commutative ring. The objects are bilinear spaces over the ring R and the arrows are morphisms of bilinear spaces over R. We also show that these categories are equivalent.
Main Theorem 1.2. Let M be a definable C r manifold, where r is a nonnegative integer. The category BS r df (M ) is equivalent to the category BS(C r df (M )). The homotopy theorem for vector bundles is well-known and, for instance, it is found in [H] . We extend the theorem to the general o-minimal and C r case.
Main Theorem 1.3 (Homotopy theorem for definable C r vector bundles). Consider a definable C r manifold M , where r is a nonnegative integer. Let U be a definable open subset of M × R containing M × [0, 1]. Let Ξ be a definable C r vector bundle over U . Then, two definable C r vector bundles Ξ| M×{0} and Ξ| M×{1} are definably C r isomorphic. Here, the notation Ξ| M×{0} denotes the restriction of the vector bundle Ξ to M × {0}.
We can also prove a homotopy theorem for bilinear spaces. It is a generalization of the homotopy theorem for semialgebraic C 0 bilinear spaces in [BCR, Corollary 15.1.9] .
Main Theorem 1.4 (Homotopy theorem for definable C r bilinear spaces). Consider a definable C r manifold M , where r is a nonnegative integer. Let U be a definable open subset of M × R containing M × [0, 1]. Let (Ξ, B) be a definable C r bilinear space over U . Then, two definable C r bilinear spaces (Ξ, B)| M×{0} and (Ξ, B)| M×{1} are definably C r isometric. Here, the notation (Ξ, B)| M×{0} denotes the restriction of the bilinear space (Ξ, B) to M × {0}.
We show isomorphisms between Grothendieck rings and Witt rings as an application of the above theorems. The Grothendieck group of the ring is studied in K-theory [Miln, W] . It is defined as an abelian group generated by finitely generated projective modules modulo some equivalence relation. The multiplication in the abelian group is defined as the tensor product of two representative projective modules. The Witt ring [MH] of the ring of semialgebraic functions is isomorphic to its Grothendieck ring by [BCR, Theorem 15.1.2] . A similar assertion holds true for the ring of definable C r functions.
Main Theorem 1.5. Let M be a definable C r manifold, where r is a nonnegative integer. The Grothendieck ring K 0 (C r df (M )) of the ring C r df (M ) is isomorphic to the Witt ring W (C r df (M )) of the same ring. The Grothendieck rings K 0 (C r df (M )) and K 0 (C 0 df (M )) are also isomorphic. This paper is organized as follows: In Section 2, we first introduce several basic lemmas used through the remaining sections. We show the equivalence of the category VB r df (M ) with the category Proj(C r df (M )) in Section 3. An approximation theorem for sections of definable C r vector bundles and its applications are introduced in Section 4. We demonstrate that the category BS r df (M ) is equivalent to the category BS(C r df (M )) in Section 5. The homotopy theorems for definable C r vector bundles and bilinear spaces are proved in Section 6. As an application of these results, we demonstrate that the Grothendieck ring of C r df (M ) and the Witt ring of C r df (M ) are isomorphic in Section 7. We summarize basic notations used in this paper. The notation V denotes the closure of a subset V of a topological space. The complement of the set V is denoted by V c in this paper. The transpose of a matrix X is denoted by t X. The notation [0, 1] denotes the closed interval {x ∈ R | 0 ≤ x ≤ 1} in R.
Preliminary
We provide several basic lemmas in this section. We first review the definition of definable C r manifolds.
Definition 2.1 (Definable manifolds). Let r be a nonnegative integer. A definable C r manifold M of dimension n is a C r manifold having finite charts {(U i , φ i )} q i=1 such that, for any 1 ≤ i, j ≤ q,
Charts satisfying the above conditions are called definable 
We call the collection of pairs
charts of the affine definable C r manifold. If a definable C r manifold M has a definable C r immersion ι : M → R m , we call it an affine definable C r manifold identifying it with its image. Note that all definable C r manifolds are affine by [Ka1, Theorem 1.1] and [F, Theorem 1.3] . We use this fact without explicitly stated in this paper.
Lemma 2.2. Let M be a definable C r manifold with 0 ≤ r < ∞. Given a definable closed subset X of M , there exists a definable C r function f : M → R whose zero set is X.
Proof. We assume that M is a definable C r submanifold of a Euclidean space R m . Consider the closure X of X in R m . There exists a definable C r function F : R m → R with F −1 (0) = X by [vdDM, Theorem C.11] . The restriction of F to M satisfies the requirement. • 
Proof. Let π : R n × R → R n be the projection onto the first n coordinates. Apply the C r cell decomposition theorem [vdD, Chapter 7, Theorem 3.2 and Chapter 7, Exercise 3 .3] to R n × R, then we have a definable C r cell decomposition
such that the cells contained in X × R are one of the following forms:
Since the cell decomposition partitions X × [0, 1], there exist integers k and k ′ with ψ i,k = 0 and ψ i,k ′ = 1. Taking a subsequence, we may assume that 0
otherwise. We first show the following claim:
Claim. For any 1 ≤ i ≤ q and 1 ≤ k ≤ r i , there exists a positive integer j(i, k) such that the definable set
We demonstrate the above claim. One of k − 1 and k is an even number. We assume that k − 1 is even. We can show the claim in the same way in the other case. Since {V j } p j=1 is an open covering and the decomposition partitions k) . We have demonstrated the claim.
Let π l : R n → R l be the projection onto the first l coordinates. We inductively define definable open subsets W i,l of R l and definable C r maps η i,l : W i,l → π l (D i ) as follows: When l = 1, the definable set π 1 (D i ) is a single point set {a} or an open interval I.
is an open interval I. When l > 1, the definable set π l (D i ) is one of the following forms:
Here, f, f 1 and f 2 are definable C r functions on π l−1 (D i ). Set W i,l 
Set W i = W i,n and η i = η i,n . It is obvious that D i is contained in W i and the restriction of η i to D i is the identity map. For any 1 ≤ i ≤ q and 1 ≤ k ≤ r i , we define a definable set X i,k as follows:
It is obvious that D i is contained in X i,k by the above claim. We show that X i,k is an open set. Let x ∈ X i,k be fixed. Consider the closed definable subset
The definable continuous function ρ on the closed definable set Y i,k (x) is defined as the distance between the point (x, t) and the closed set V c j(i,k) . Since Y i,k (x) is compact, the function ρ takes the minimum m. The minimum m is positive because the intersection of Z i,k (x) with V c j(i,k) is empty. Take y ∈ W i sufficiently close to x satisfying the following conditions:
• y − x n < m 2 , where · n denotes the Euclidean norm in R n ,
We lead a contradiction assuming that y ∈ X i,k . There exists a real number t with Ψ i,k−1 (η i (y)) ≤ t ≤ Ψ i,k (η i (y)) and (y, t) ∈ V j(i,k) by the assumption. If t ∈ Y i,k (x), the distance between the point (y, t) and Z i,k (x) is y − x n and less than m. It is a contradiction to the assumption that (y, t) ∈ V j(i,k) . In the other case, we have
The distance between the point (y, t) and Z i,k (x) is less than
3. Equivalence of definable C r vector bundles with projective modules over the ring of definable C r functions
We define definable C r vector bundles. The definition is lengthy, but it is almost the same as the definition of semialgebraic vector bundles given in [BCR, Definition 12.7 .1].
Definition 3.1 (Definable C r vector bundle). Let ξ = (E, p, M ) be an R-vector bundle of rank d over a definable C r manifold M . A family of local trivializations
a finite open definable covering of M and, for all pairs (i, j) ∈ I × I, the maps ϕ −1 i • ϕ j | (Ui∩Uj )×R d are definable C r maps. Two definable C r atlases are equivalent if their union is still a definable C r atlas. A definable C r vector bundle is a vector bundle equipped with an equivalence class of definable C r atlases. By abuse of notation, we denote a definable C r vector bundle by ξ = (E, p, M ) specifying the total space, the base space and the map between them, but without specifying the definable C r atlas defining its structure. The trivial bundle of rank d over M is the triple
and the map f : M → M ′ between base spaces are also definable and of class C r . Here, the map u is a map between total spaces. When two definable C r manifolds M and M ′ are identical and the map between base spaces is the identity map on M , we call it a definable C r M -morphism. In this case, we use the same symbol for the morphism and the map between total spaces by abuse of notation. Two definable C r vector bundles ξ and ξ ′ over a definable C r manifold M are definably C r isomorphic if there exist two definable C r M -morphism ψ : ξ → ξ ′ and ψ ′ : ξ ′ → ξ such that the compositions of two morphisms ψ • ψ ′ and ψ ′ • ψ are the identity morphisms. We call ψ and ψ ′ definable C r isomorphisms.
Remark 3.2. The notation GL(d, R) denotes the general linear group of degree d with entries in R. Let ξ = (E, p, M ) be a definable C r vector bundle of rank d over
On the other hand, we can construct a definable C r vector bundle of rank d in the same way as the case of general topological vector bundles [H, Section 4 
and a family of definable C r map {g ij : U i ∩ U j → GL(d, R)} are given and satisfy the above conditions. The proof of the following proposition is straightforward and we omit it. The following two lemmas are important and used several times in this paper.
Lemma 3.4. Given a definable C r vector bundle ξ = (E, p, M ) of rank d, there exist a finite number of definable C r sections s 1 , . . . , s m of ξ such that, for any x ∈ M , the vectors s 1 (x), . . . , s m (x) generate the fiber ξ x = p −1 (x).
be a definable C r partition of unity subordinate to the covering {U i } q i=1 given in Lemma 2.6. For any 1 ≤ i ≤ q and 1 ≤ j ≤ d, define a definable C r section s i,j by s i,j (x) = ϕ i (x, λ i (x)e j ) for any x ∈ U i and s i,j (x) = ϕ k (x, 0) for any x ∈ U k \ U i for all k = i, where e j is the j-th vector of the canonical basis of R d . The sections s i,j obviously generate the vector space p −1 (x) for any x ∈ M .
Lemma 3.5. Let ξ = (E, p, M ) be a definable C r vector bundle of rank d. Consider a finite number of definable C r sections s 1 , . . . , s m of ξ such that, for any x ∈ M , the vectors s 1 (x), . . . , s m (x) generate the fiber ξ x = p −1 (x). Then, for any definable
Taking a finer finite definable open covering, we may assume that, (U i , ϕ i :
is a definable C r atlas and, for any 1 ≤ i ≤ q, there exists a subset J(i) ⊂ {1, . . . , m} such that the fiber ξ x is generated by {s j (x)} j∈J(i) for any x ∈ U i . Let j i (k) be the k-th smallest element of the subset J(i) ⊂ {1, . . . , m}. The map τ i :
otherwise.
For any 1 ≤ i ≤ q, the collection of definable functions {b ij } m j=1 satisfies the following equality:
given by Lemma 2.6. For any 1 ≤ i ≤ q and 1 ≤ k ≤ m, the function c i,k : M → R is the definable C r function defined by
The following lemma is similar to [BCR, Theorem 12.1.7, Corollary 12.7 .5]. The proof is also similar.
Lemma 3.6. Let ξ = (E, p, M ) be a definable C r vector bundle of rank d. Then:
(i) There exists an injective definable C r morphism from ξ into a trivial bundle ǫ n M . (ii) There exists another definable C r vector bundle ξ ′ over M such that the Whitney sum ξ ⊕ ξ ′ is definably C r isomorphic to a trivial bundle ǫ n M . Proof. We first show that the assertion (ii) follows from the assertion (i). We first show that there exists a definable C r map f : M → Gr(n, d) such that ξ is definably C r isomorphic to f * (γ n,d ). Here, Gr(n, d) denotes the Grassmanian of d-dimensional subspaces of an n-dimensional vector space, and γ n,d denotes the universal vector bundle over Gr(n, d). Let ψ : ξ → ǫ n M be an injective definable
) is a definable C r vector bundle satisfying the required condition.
We next show the assertion (i). Let s 1 , . . . , s n be the sections of ξ given in Lemma 3.4. The definable C r morphism ψ : ǫ n M → ξ defined by
is surjective. Taking the dual, we obtain an injective definable C r morphism ψ ∨ :
We have already shown that the condition (i) implies the condition (ii). Hence, there exists a definable C r vector bundle ξ ′ over M such that the Whitney sum ξ ∨ ⊕ ξ ′ is isomorphic to a trivial bundle ǫ n M . We have
In particular, there exists an injective definable C r morphism from ξ into a trivial bundle ǫ n M .
We begin to prove Main Theorem 1.1. We first review the notations introduced in Section 1.
Notation 3.7. Let M be a definable C r manifold, where r is a nonnegative integer. The notation C r df (M ) denotes the ring of definable C r functions on M . The objects of the category VB r df (M ) are definable C r vector bundles over M and its arrows are definable C r M -morphisms between them. Given a commutative ring R, the category Proj(R) is the category whose objects are finitely generated projective R-modules and whose arrows are homomorphisms between projective modules.
For any definable C r vector bundle ξ over a definable C r manifold M , the notation Γ(ξ) denotes the set of all definable C r sections of ξ. The notation Γ(ϕ) is the induced homomorphism from Γ(ξ) to Γ(ξ ′ ) for any definable C r M -morphism ϕ : ξ → ξ ′ between definable C r vector bundles over M .
We next show that Γ is a covariant functor from VB r df (M ) to Proj(C r df (M )). Proposition 3.8. Let M be a definable C r manifold, where r is a nonnegative integer. The map Γ is a covariant functor from the category VB r df (M ) to the category Proj(C r df (M )). Proof. The only non-trivial assertion is that the set of all definable C r sections Γ(ξ) is a finitely generated projective C r df (M )-module for any definable C r vector bundle ξ.
We first show that Γ(ξ) is a finitely generated C r df (M )-module. There are definable C r sections s 1 , . . . , s n of ξ which generate the fibers ξ x for all x ∈ M by Lemma 3.4. The C r df (M )-module Γ(ξ) is generated by s 1 , . . . , s n by Lemma 3.5. We next show that Γ(ξ) is a projective module. We have a definable C r vector bundle ξ ′ such that ξ ⊕ ξ ′ is definably C r isomorphic to a trivial bundle ǫ n M by Lemma 3.6. We have
Since Γ(ξ) is a direct summand of a free module of finite rank, it is a finitely generated projective module.
We finally show Main Theorem 1.1.
Theorem 3.9. Let M be a definable C r manifold, where r is a nonnegative integer. Then, the functor Γ is an equivalence of the category VB r df (M ) with the category Proj(C r df (M )). Proof. In order to show that Γ is an equivalence of the categories, we have only to show that the functor Γ is faithful and full, furthermore; for any finitely generated
We first show that the functor Γ is faithful. Let ξ = (E, p, M ) and
We next show that the functor Γ is full. Let ξ = (E, p, M ) and
be definable C r atlases of ξ and ξ ′ , respectively. Let s 1 , . . . s m be sections of ξ generating the fibers ξ
We have only to show that the restriction of u
Taking a finer finite definable open covering and arranging the order of the sections, we may assume that the fiber ξ x is generated by
Consider the following commutative diagram:
Here, the map u ′ • τ is a map given by
Hence, the map u is a definable C r M -morphism. We finally demonstrate that, for any finitely generated projective C r df (M )-module P , there exists a definable C r vector bundle ξ = (E, p, M ) such that Γ(ξ) is isomorphic to P . We may assume that M is connected without loss of generality. Since P is a direct summand of a free module by [Ei, Proposition A3 .1], we may assume
and p : E → M be the natural projection.
We demonstrate that ξ = (E, p.M ) is a definable C r vector bundle. Let m x denote the set of definable C r functions on M vanishing at x for any x ∈ M . The C r df (M ) mx -module P mx is free by [Ei, Exercise 4.11] . For all subsets I ⊂ {1, . . . , m}, we define the subsets U I of M by
It is obviously definable and of class C r , and for any x ∈ U I , the restriction
It is definable because ϕ I and ϕ J are definable. It is also obvious that it is a bijective. We have only to show that it is a C r diffeomorphism. Let x ∈ U I ∩ U J be an arbitrary point. Since both {s k | k ∈ I} and {s k | k ∈ J} are bases of P mx , there exists
It remains to show that P = Γ(ξ). The inclusion P ⊂ Γ(ξ) is obvious because Γ(ξ) contains the generators s 1 , . . . , s m of P . We demonstrate the opposite inclusion. Let s ∈ Γ(ξ) be fixed. The fiber p −1 (x) is generated by s 1 , . . . , s m by the definition of the total space E. Hence, there exist definable C r function c 1 , . . . , c m on M with s = m i=1 c i s i by Lemma 3.5. We have shown s ∈ P because s 1 , . . . , s m are generators of P .
Proposition 3.10. Let M be a definable C r manifold, where r is a nonnegative integer. Then, we have Γ(ξ 1 ⊕ ξ 2 ) = Γ(ξ 1 ) ⊕ Γ(ξ 2 ) and Γ(ξ 1 ⊗ ξ 2 ) = Γ(ξ 1 ) ⊗ Γ(ξ 2 ) for any definable C r vector bundles ξ 1 and ξ 2 over M .
Proof. We omit the proof.
Approximation of sections of definable C r vector bundles
This short section is devoted for demonstrating that any definable continuous section of a definable C r vector bundle can be approximated by a definable C r section. We introduce two lemmas prior to the proof of the above assertion.
denotes the open ball in R q centred at the origin of radius r, and v q denotes the Euclidean norm of a vector v in R q .
Proof. Since U is an open neighbourhood of C × {0}, for any x ∈ C, there exist positive real numbers δ x and s x such that the set
For any s ∈ S, the notation C s denotes the definable closed set {x ∈ C | x n = s}. Since the definable closed set C s is compact, there exists a positive real number t such that
is a well-defined definable function, and positive for any point in S.
There exist finite points s 1 , · · · , s p ∈ S such that the restriction of φ to S \ {s 1 , · · · , s p } is continuous by [vdD, Chapter 3, Theorem 1.2] . We may assume that S \{s 1 , · · · , s p } is open by enlarging the discrete set {s 1 , · · · , s p } if necessary. Let T be a connected component of S \{s 1 , · · · , s p } such that s i is contained in the closure of T . The notation graph(φ| T ) denotes the graph of the restriction of φ to T . We show that (s i , 0) is not contained in the closure graph(φ| T ). Assume the contrary. There exists a convergent sequence {t m } ⊂ T with t m → s i and φ(t m ) → 0 as m → ∞. It means that, for any positive real number ε > 0, there exist a positive integer m ε and x ε ∈ C tm ε with {x ε } × B(0; ε) ⊂ U . There exists a real number R with t m ≤ R for any positive integer m because {t m } is a convergent sequence. Set D = {x ∈ C | x n ≤ R}. We have x ε ∈ D for any ε > 0. Let {ε m } be a sequence of positive real numbers converging to 0. Since D is compact, we may assume that the sequence {x εm } converges to a point 
On the other hand, for sufficiently large m, we have ε m < s x ′ and we get {x εm } × B q (0; ε m ) ⊂ U by the assumption. It is a contradiction. We have shown that (s i , 0) ∈ graph(φ| T ).
There exist positive real numbers y 1 , . . . , y p and η 1 , . . . , η p such that the restric-
i=0 be a definable continuous partition of unity subordinate to the open covering {V i } p i=0 given by Lemma 2.6. Define a definable continuous function g 0 : V 0 → R by g 0 (x) = φ(x)/2. We also define a definable continuous function g i : V i → R by g i (x) = y i /2 for any i = 1, . . . , p. Then, the function ρ : C → R defined by ρ(x) = q i=0 τ i (x)g i (x) is a well-defined definable continuous function with 0 < ρ(x) < φ(x) for any x ∈ C. The definable continuous function ρ satisfies the desired properties.
The following lemma is [Es, Theorem 1.1].
Lemma 4.2. Let M and N be definable C r manifolds. Assume that N is a definable C r submanifold of R n . Let f : M → N be a definable continuous map and ε : M → R be a positive definable continuous function on M . There exists a definable C r function g :
We show an approximation theorem for definable C r sections using the above lemmas. Proof. We may assume that M is a definable C r submanifold of a Euclidean space R n which is simultaneously closed in R n . In fact, M is a definable C r submaniold of a Euclidean space R n because M is affine. Take a definable C r function H on Corollary 4.4. Let r be a nonnegative integer. If two definable C r vector bundles over a definable C r manifold are definably C 0 isomorphic, they are definably C r isomorphic.
Proof. Let ξ 1 and ξ 2 be definable C r vector bundles over a definable C r manifold M which are definably C 0 isomorphic. Remember that Hom(ξ 1 , ξ 2 ) is a definable C r vector bundle over M by Proposition 3.3. Set
It is a definable open subset of the total space of the vector bundle Hom(ξ 1 , ξ 2 ). A definable C 0 isomorphism between ξ 1 and ξ 2 corresponds to a definable continuous section of Hom(ξ 1 , ξ 2 ) whose image is contained in Iso(ξ 1 , ξ 2 ). There exists a definable C r section of Hom(ξ 1 , ξ 2 ) contained in Iso(ξ 1 , ξ 2 ) by Theorem 4.3. This section corresponds to a definable C r isomorphism between ξ 1 and ξ 2 .
We give another important corollary of Lemma 4.2.
Theorem 4.5. Let r be a nonnegative integer. Any definable C 0 vector bundle over a definable C r manifold is definably C 0 isomorphic to a definable C r vector bundle.
Proof. Let ξ be a definable C 0 vector bundle of rank d over a definable C r manifold M . There exist a trivial bundle ǫ n M over M and a definable C 0 vector subbundle ξ ⊥ of ǫ n M such that ξ is a definable C r vector subbundle of ǫ n M and ξ ⊕ ξ ⊥ = ǫ n M by Lemma 3.6. Let ϕ : M → Gr(n, d) be the definable C 0 map naturally induced from the vector bundle ξ. Letφ : M → Gr(n, d) be a definable C r approximation of ϕ given by Lemma 4.2. If we takeφ sufficiently close to ϕ, we may assume that ϕ(x) ⊥ ∩φ(x) = {0} for any x ∈ M . Let π : ǫ n M = ξ ⊕ ξ ⊥ → ξ be the orthogonal projection. Letξ be the definable C r vector bundle on M corresponding to the mapφ. The restriction π|ξ of π toξ gives a definable C 0 isomorphism between the vector bundles ξ andξ.
5.
Equivalence of definable C r bilinear forms over vector bundles with bilinear forms over projective modules
The purpose of this section is to demonstrate an equivalence of the category of definable C r bilinear spaces over a definable C r manifold M with the category of bilinear spaces over C r df (M ). We first define definable C r bilinear spaces. Definition 5.1 (Definable C r bilinear spaces). Let r be a nonnegative integer. Consider a definable C r manifold M and a definable C r vector bundle ξ Two definable C r bilinear space (ξ 1 = (E 1 , p 1 , M ), s 1 ) and (ξ 2 , s 2 ) over a de-
The notation r + 1 ⊥ r − −1 denotes this bilinear form.
Proposition 5.2. Let r be a nonnegative integer. Any definable C r vector bundle over a definable C r manifold has a positive definite definable C r bilinear form defined over it.
Proof. Let ξ be a definable C r bilinear space over a definable C r manifold M . We may assume that ξ be a subbundle of a trivial bundle ǫ n M by Lemma 3.6. There exists a positive definite bilinear form over the trivial bundle ǫ n M . Its restriction to ξ is a desired positive definite bilinear form over ξ.
The notation SGL(d, R) denotes the set of all d×d symmetric invertible matrices.
Proposition 5.3. Let r be a nonnegative integer. Let ξ be a definable C r vector bundle of rank d over a definable C r manifold M with a definable C r atlas (U i , φ i : R) is a transition map defined in Remark 3.2 for any 1 ≤ i, j ≤ q.
There exists a one-to-one correspondence of definable C r bilinear forms over ξ with families of definable C r maps {s i :
Proof. When a bilinear form s over ξ = (E, p, M ) is given, we define definable C r maps s i :
for any x ∈ U i and v, w ∈ R d . These maps satisfy the requirement.
On the other hand, if a family of definable C r maps {s i :
It is easy to check that it is a well-defined definable C r bilinear form over ξ.
Definition 5.4 (Orthogonal sum and Tensor product). Let (ξ 1 = (E 1 , p 1 , M ), s 1 ) and (ξ 2 = (E 2 , p 2 , M ), s 2 ) be definable C r bilinear spaces over the same definable C r manifold M . Their orthogonal sum is the bilinear space (ξ 1 ⊕ ξ 2 , s 1 ⊥ s 2 ) whose vector bundle is the Whitney sum of ξ 1 and ξ 2 , and the bilinear form s 1 ⊥ s 2 is defined as follows:
(s 1 ⊥ s 2 )(x 1 ⊕ x 2 , y 1 ⊕ y 2 ) = s 1 (x 1 , y 1 ) + s 2 (x 2 , y 2 ). The tensor product of two bilinear spaces (ξ 1 , s 1 ) and (ξ 2 , s 2 ) is the bilinear space whose vector bundle is the tensor product of ξ 1 and ξ 2 , and the bilinear form s 1 ⊗ s 2 is defined as follows:
(s 1 ⊗ s 2 )(x 1 ⊗ x 2 , y 1 ⊗ y 2 ) = s 1 (x 1 , y 1 )s 2 (x 2 , y 2 ).
Proposition 5.5. Let r be a nonnegative integer. Let (ξ 1 , s 1 ) and (ξ 2 , s 2 ) be definable C r bilinear spaces over the same definable C r manifold M . Their orthogonal sum (ξ 1 , s 1 ) ⊥ (ξ 2 , s 2 ) and tensor product (ξ 1 , s 1 ) ⊗ (ξ 2 , s 2 ) are definable C r bilinear spaces over M .
Proof. Obvious.
Definition 5.6. Let (ξ = (E, p, N ), s) be a definable C r bilinear spaces over a definable C r manifold N . Consider a definable C r map f : M → N between definable C r manifolds. The definable C r bilinear space f * (ξ, s) induced by f is a definable C r bilinear space whose vector bundle is f * ξ and whose definable C r bilinear form is f * s defined by
We next review the definition of bilinear spaces over a commutative ring. The following definitions are found in [BCR, Section 15 .1] and [MH] .
Definition 5.7 (Bilinear spaces over a commutative ring). Let R be a commutative ring. Let P be a finitely generated projective module over R and b : P × P → R be a symmetric bilinear form. The bilinear form b is nondegenerate if the linear map h b : P → P ∨ from P into its dual, induced by b, is an isomorphism. A bilinear space over R is a pair (P, b) , where P is a finitely generated projective R-module and b : P × P → R is a nondegenerate symmetric bilinear form. A morphism from a bilinear space (P, b) to another bilinear space ( 
An isometry of two bilinear spaces (P, b) 
Let (P 1 , b 1 ) and (P 2 , b 2 ) be bilinear spaces over the same commutative ring R. Their orthogonal sum is the bilinear space (P 1 ⊕ P 2 , b 1 ⊥ b 2 ) whose projective module is the direct sum of P 1 and P 2 , and the bilinear form b 1 ⊥ b 2 is defined as follows:
(
. The tensor product of (P 1 , b 1 ) and (P 2 , b 2 ) is the bilinear space whose projective module is the tensor product of P 1 and P 2 , and the bilinear form b 1 ⊗ b 2 is defined as follows:
. It is obvious that P 1 ⊕ P 2 and P 1 ⊗ P 2 are finitely generated projective R-modules because an R-module is projective if and only if it is a direct summand of a free module [Ei, Proposition A3.1].
Notation 5.8. Let M be a definable C r manifold, where r is a nonnegative integer. The notation BS r df (M ) denotes the category whose objects are definable C r bilinear spaces over M and whose arrows are definable C r M -morphisms between them. Let R be a commutative ring. The notation BS(R) denotes the category whose objects are bilinear spaces over R and whose arrows are morphisms between bilinear spaces over R.
For any definable C r bilinear space (ξ, s) over M , we define a bilinear space (P, b) = Γ b (ξ, s) over the commutative ring C r df (M ) as follows: The finitely generated projective module P is Γ(ξ) and the bilinear form b : Γ(ξ) × Γ(ξ) → C r df (M ) over it is given by b(σ, σ ′ )(x) = s(σ(x), σ ′ (x)) for any σ, σ ′ ∈ Γ(ξ) and x ∈ M . We denote the bilinear form b as Γ b (s) by abuse of notation. A definable C r M -morphism between definable C r bilinear spaces over M is simultaneously a definable C r M -morphisms between definable C r vector bundles. The notation Γ b (u) denotes the homomorphism Γ(u) between finitely generated projective C r df (M )-modules for any definable C r M -morphism u between definable C r bilinear forms.
We show that the above map Γ b is a covariant functor from the category BS r df (M ) to the category BS(C r df (M )). Proposition 5.9. Let M be a definable C r manifold, where r is a nonnegative integer. The map Γ b is a covariant functor from the category BS r df (M ) to the category BS(C r df (M )). Proof. It is easy to check that the map b defined in Notation 5.8 is a bilinear form over Γ(ξ). We show that Γ b (u) is a morphism between bilinear spaces for any definable C r M -morphism u from a definable C r bilinear space (ξ, s) over M to a definable C r bilinear space (ξ ′ , s ′ ) over M . Set (P, b) 
We have finished the proof.
Finally, we prove Main Theorem 1.2 introduced in Section 1.
Theorem 5.10. Let M be a definable C r manifold, where r is a nonnegative integer. Then, the functor Γ b is an equivalence of the category BS r df (M ) with the category BS(C r df (M )). Proof. In the same way as the proof of Theorem 3.9, we have to show that the functor Γ b is faithful and full, furthermore; for any bilinear space (P, b) over the ring C r df (M ), there is a definable C r bilinear space (ξ, s) such that Γ b (ξ, s) is isotropic to (P, b) by [Mac, Chapter IV, Section 4, Theorem 1] . The functor Γ b is obviously faithful because the functor Γ is faithful.
We next show that the functor Γ b is full. Consider an arbitrary morphism
). Since the functor Γ is full by Theorem 3.9, there exists a definable C r morphism u : ξ → ξ ′ with Γ(u) = ϕ. Let ξ = (E, p, M ). We want to show that this u is also a morphism between (ξ, s) and (ξ ′ , s ′ ) in the category BS r df (M ). We have only to show s
There exist definable C r sections σ v , σ w of ξ with σ v (x) = v and σ w (x) = w by Lemma 3.4. The following calculation indicates that u is a morphism between definable C r bilinear spaces (ξ, s) and (ξ ′ , s ′ ).
We finally construct a definable C r bilinear space (ξ, s) such that Γ b (ξ, s) is isotropic to (P, b) for a given bilinear space (P, b) over the ring C r df (M ). We have already shown that Γ gives an equivalence of the category VB r df (M ) with the category Proj(C r df (M )) in Theorem 3.9. There exists a definable C r vector bundle ξ = (E, p, M ) of rank d such that Γ(ξ) is isomorphic to the module P . We have only to construct a definable C r bilinear form s over ξ such that Γ b (ξ, s) is isotropic to (P, b) .
We want to demonstrate that s : E ⊕ E → R is a definable C r bilinear form over ξ. We first show that s is a well-defined map. Let σ ′ v and σ ′ w be definable C r sections of ξ with σ ′ v (x) = v and σ ′ w (x) = w. The notation m x denotes the set of definable C r functions vanishing at the point x ∈ M . It is a maximal ideal of
. It means that s is a well-defined map.
We next show that s is a definable C r bilinear form over ξ.
be a definable C r atlas of ξ. We can get definable C r sections σ 1 , . . . , σ m which generate p −1 (x) for any x ∈ M by Lemma 3.4. Fix 1 ≤ i ≤ q. We may assume that σ 1 (x), . . . σ d (x) generate p −1 (x) for any x ∈ U i in the same way as the proof of Theorem 3.9. Let τ be the definable C r isomorphism from , (a 1 , . . . , a d ), (b 1 , . . . , b d 
It is a definable C r bilinear form over U i × R d . Hence, the restriction of s to p −1 (U i ) ⊕ p −1 (U i ) is a definable C r bilinear form over the restriction ξ| Ui of ξ to U i . It means that s itself is a definable C r bilinear form over ξ.
We finally show that Γ b (ξ, s) is isotropic to (P, b) . We have Γ b (s)(σ 1 , σ 2 )(x) = s(σ 1 (x), σ 2 (x)) = (b(ψ(σ 1 ), ψ(σ 2 )))(x) for any σ 1 , σ 2 ∈ Γ(ξ) and x ∈ M . Hence, we have Γ b (s)(σ 1 , σ 2 ) = b(ψ(σ 1 ), ψ(σ 2 )). We have shown that Γ b (ξ, s) is isotropic to (P, b) via the isotropy ψ.
Proposition 5.11. Let M be a definable C r manifold, where r is a nonnegative integer. Then, we have Γ b ((ξ 1 , s 1 ) ⊥ (ξ 2 , s 2 )) = Γ b (ξ 1 , s 1 ) ⊥ Γ b (ξ 2 , s 2 ) and Γ b ((ξ 1 , s 1 ) ⊗ (ξ 2 , s 2 )) = Γ b (ξ 1 , s 1 ) ⊗ Γ b (ξ 2 , s 2 ) for any definable C r bilinear spaces (ξ 1 , s 1 ) and (ξ 2 , s 2 ) over M .
Homotopy theorems for definable C r vector bundles and bilinear spaces
In this section, we show the homotopy theorems introduced in Section 1. We first show the homotopy theorem for definable C r vector bundles. It can be shown following the standard argument in [H] using the following three lemmas: Lemma 6.1. Let M be a definable C r manifold, where r is a nonnegative integer. Let U and V be definable open subsets of M with U ⊂ V . The maps π 1 and π 2 are the projections of M × [0, 1] onto the first and the second components, respectively. Then, there exists a definable C r map ϕ : M × [0, 1] → M × [0, 1] satisfying the following conditions:
• The restriction of ϕ to V c × [0, 1] is the identity map.
• The restriction of the composition π 2 • ϕ to U × [0, 1] is constantly one. . Let ϕ 1 , ϕ 2 , ϕ 3 : U → [0, 1] be definable C r functions with ϕ 1 < ϕ 2 < ϕ 3 on U . We consider a definable C r vector bundle ξ = (E, p, W ) over W . Define definable sets B 1 and B 2 as follows:
For i = 1, 2, let U i be a definable open subset of W such that B i ⊂ U i and the restriction ξ| Ui of ξ to U i is definably C r isomorphic to a trivial bundle over U i . Then, there exists a definable open subset W ′ of W such that B 1 ∪ B 2 ⊂ W ′ and the restriction ξ| W ′ of ξ to W ′ is definably C r isomorphic to a trivial bundle over
We have only to show that ξ| W ′ is definably C 0 isomorphic to a trivial bundle by Corollary 4.4. Let ξ| Ui = (E i , p i , U i ) and u i :
The map u is a definable continuous isomorphism between the restriction ξ| W ′ of ξ to W ′ and a trivial vector bundle. 
be a definable C r atlas of ξ. By definition, the restriction ξ| Wi is definably C r isomorphic to a trivial bundle for any 1 ≤ i ≤ p. By Lemma 2.7, there exists a finite definable open covering {U i } q i=1 of M and definable C r functions 0 = ϕ i,0 < · · · < ϕ i,k < · · · < ϕ i,ri = 1 on U i such that, for any 1 ≤ i ≤ q and 1 ≤ k ≤ r i , the definable set
is contained in W j for some 1 ≤ j ≤ p. In particular, for any 1 ≤ i ≤ q and 1 ≤ k ≤ r i , there exists a definable open subset U i,k of U ∩ (U i × R) such that B i,k ⊂ U i,k and the restriction ξ| U i,k is definably C r isomorphic to a trivial bundle. Apply Lemma 6.2, then, for any 1 ≤ i ≤ q, there exists a definable open subset V i of U i × R such that it contains U i × [0, 1] and ξ| Vi is definably C r isomorphic to a trivial bundle.
We are now ready to show the homotopy theorem for definable C r vector bundles. Theorem 6.4 (Homotopy theorem for definable C r vector bundles). Consider a definable C r manifold M , where r is a nonnegative integer. Let U be a definable open subset of M × R containing M × [0, 1]. Define the definable C r map r : U → U by r(x, t) = (x, 1). Let ξ = (E, p, U ) be a definable C r vector bundle over U . Then, shrinking U if necessary, two definable C r vector bundles ξ and r * (ξ) are definably C r isomorphic.
Proof. We construct a definable C r isomorphismũ : ξ → r * (ξ). There exist a finite definable open covering {U i } q i=1 and a definable open subset V i of U i × R containing U i × [0, 1] such that the restriction ξ| Vi of ξ to V i is definably C r isomorphic to a trivial bundle by Lemma 6.3. Let h i :
is again a finite definable open covering of M by Lemma 2.5. There exists a definable C r map r i : M × [0, 1] → M × [0, 1] such that the restriction of r i to U c i × [0, 1] is the identity map, the restriction of the composition π 2 • r i to U ′ i × [0, 1] is constantly one, and π 1 • r i (x, t) = x for any x ∈ M by Lemma 6.1. Here, π 1 : M × R → M and π 2 : M × R → R are the projections. We may assume that r i is a definable C r map defined on U , shrinking U if necessary. We have r = r q • · · · • r 2 • r 1 .
Set s 0 = id and
for any (x, t) ∈ V j and w ∈ R d . It is a definable C r diffeomorphism by the definition of the induced vector bundle. Let u i : s * i−1 ξ → s * i−1 ξ be the definable C r morphism such that it is defined by u i (h i−1,i ((x, t) , v)) = h i−1,i (r i (x, t), v) for any ((x, t) , v) ∈ V i × R d and u i is the identity map off the set p −1 i−1 (V i ). Consider the definable C r U -morphismũ i : s * i−1 ξ → s * i ξ given byũ i (v) = (p i−1 (v), u i (v)). We show thatũ i is a definable C r U -isomorphism. It is clear thatũ i is a bijective definable C r Umorphism. We have only to show thatũ i is a C r diffeomorphism. Let (x, t) ∈ U be fixed. There exists 1 ≤ j ≤ q with (x, t) ∈ V j . We have the following commutative diagram:
Hence,ũ i is also a C r diffeomorphism. Setũ =ũ q • · · · •ũ 2 •ũ 1 . The U -morphismũ is a definable C r U -isomorphism between ξ and r * (ξ).
The following corollary is Main Theorem 1.3. Proof. Immediate from Theorem 6.4. Definition 6.6. Let f, g : M → N be definable C r maps between definable C r manifolds. We call them definably C r homotopic if there exists a definable C r map H : M × [0, 1] → N with H(x, 0) = f (x) and H(x, 1) = g(x) for any x ∈ M . Corollary 6.7. Consider definable C r manifolds M and N , where r is a nonnegative integer. Let f, g : M → N be definably C r homotopic definable C r maps. Let ξ be a definable C r vector bundle over N . Then, the induced definable C r vector bundles f * ξ and g * ξ are definably C r isomorphic.
Proof. Immediate from Corollary 6.5. Corollary 6.8. Any definable C r vector bundle over R n is definably C r isomorphic to a trivial bundle.
Proof. Consider the definable C r function H : R n × [0, 1] → R n given by H(x 1 , . . . , x n , t) = (tx 1 , . . . , tx n ).
It means that the identity map on R n and the constant map given by c(x 1 , . . . , x n ) = (0, . . . , 0) are definably C r homotopic. Any definable C r vector bundle ξ is definably C r isomorphic to c * ξ, which is a trivial bundle, by Corollary 6.7.
We begin to prove the homotopy theorem for definable C r bilinear spaces. Its counterpart for semialgebraic vector bundles is proved in [BCR, Chapter 15] . We first show a theorem on Nash vector bundles in order to prove the homotopy theorem for definable C r bilinear spaces. The proof is the same as that of [BCR, Theorem 15.1.6] , which is a theorem on semialgebraic C 0 vector bundles. We give a proof for readers' convenience. Nash vector bundles are defined in [BCR, Section 12.7 ]. We use the real spectrum Spec r (N (M )) of the ring N (M ) of Nash functions on an affine Nash manifold M in the proof of the following theorem. Real spectrum is defined and its features are investigated in [BCR, Chapter 7] . Theorem 6.9. Let M be an affine Nash manifold and ξ = (E, p, M ) be a Nash vector bundle of rank d. Let (U i , φ i :
..,q be a Nash atlas of ξ. Let s be a Nash bilinear form over ξ. The families of Nash maps {s i :
..,q are induced from the Nash bilinear form s defined in the same way as Proposition 5.3. Then, there exist a finite semialgebraic open covering
for any x ∈ V j , where r −,j = d − r +,j and I m is the m × m identity matrix.
Proof. We may assume that ξ is a trivial bundle over M without loss of generality.
Consider an arbitrary prime cone α ∈ Spec r (N (M )). Let k(α) be the real closure of N (M )/ supp(α) under the ordering induced from the prime cone α. A nondegenerate symmetric bilinear form s α : k(α) d × k(α) d → k(α) is induced from the bilinear form s by [BCR, Theorem 8.4.4, Theorem 8.5.2] . We can find h α ∈ GL(d, k(α)) [BCR, Proposition 8.8.3 ]. The definitions of M , W α and h(α) are found in [BCR, Proposition 7.2.2, Theorem 7.2.3] . Let w i : W α → R d be the i-th columns of h for all 1 ≤ i ≤ d. Apply the Gram-Schmidt orthogonalization process, and we define u i and v i as follows:
Consider the semialgebraic open set
The maps u i and v i are Nash maps on V α for all 1 ≤ i ≤ d. We have s α (w i (α), w j (α)) = ±δ ij for all 1 ≤ i, j ≤ d by the definition of w i , where δ ij denotes the Kronecker delta. We can inductively show that
is an open covering of Spec r (N (M )). Since Spec r (N (M )) is compact by [BCR, Corollary 7.1.13 ], a finite subfamily { V j } r j=1 of { V α } α∈Spec r (N (M)) covers Spec r (N (M )). The family {V j } r j=1 covers M by [BCR, Proposition 7.2.2] . By the definition of V j , there exists a Nash map g j :
for any x ∈ V j and some 0 ≤ r +,j ≤ d, where r −,j = d − r +,j . Theorem 6.9 has several useful corollaries. Remember that · r+ and · r− denote the Euclidean norm in R r+ and R r− , respectively. The semialgebraic set Ω is convex. We can immediately show that r + 1 ⊥ r − −1 is positive definite on the vector space ψ(θ) if and only if θ ∈ Ω. Let λ and µ be a definable C r partition of unity on M subordinate to the cover M = U ∪ V given by Lemma 2.6. Define the subbundle ξ + of ξ as follows:
Since θ is convex, we have µ(x)ψ −1 (σ(x)) ∈ Ω for any x ∈ U ∩ V ; hence, the restriction s| ξ+ of s to ξ + is positive definite. We can construct ξ − in the same way. of M and 0 ≤ r i ≤ d such that the restriction of the bilinear space (ξ, s) to V i is definably C r isotropic to a trivial bilinear space of type (r i , s i ) for any 1 ≤ i ≤ q. Here, s i = d − r i . The existence of decomposition follows from Lemma 6.12 and induction.
We next show the uniqueness. Let ξ = ξ ′ + ⊕ ξ ′ − be another decomposition. Let i : ξ ′ + → ξ be the natural inclusion and π : ξ = ξ + ⊕ ξ − → ξ + be the natural projection. The composition π • i : ξ ′ + → ξ + is a definable C r isomorphism. Hence, ξ + is unique up to definable C r isomorphism.
We return to the proof of the homotopy theorem for definable C r bilinear spaces. The proof is similar to that of Theorem 6.4. 
For i = 1, 2, let U i be a definable open subset of W such that B i ⊂ U i and the restriction (ξ, s)| Ui of (ξ, s) to U i is definably C r isotropic to a trivial bilinear space over U i of type (r + , r − ). Then, there exists a definable open subset W ′ of W such that B 1 ∪ B 2 ⊂ W ′ and the restriction (ξ, s)| W ′ of (ξ, s) to W ′ is definably C r isotropic to a trivial bilinear space over W ′ of type (r + , r − ).
Proof. We may assume that U is connected without loss of generality. Let ξ| Ui = (E i , p i , U i ), and let u i : U i × R d → E i be a definable C r isometry for i = 1, 2. Define W ′ , B 3 and u in the same way as Lemma 6.2. We showed that the map u is a definable continuous isomorphism between the restriction ξ| W ′ of ξ to W ′ and a trivial bundle in Lemma 6.2. Set J(r + , r − ) = I r+ O O −I r− . We have s(u i ((x, t) , v), u i ((x, t), w)) = t vJ(r + , r − )w for any (x, t) ∈ U i and v, w ∈ R d . We want to show that the map u is a definable C 0 isometry between (ξ, s)| W ′ and (ǫ d W ′ , r + 1 ⊥ r − −1 ), where d = r + + r − . We have only to show that s(u ((x, t) , v), u((x, t), w)) = t vJ(r + , r − )w for any (
We have shown that t vJ(r + , r − )w = t v t g(x)J(r + , r − )g(x)w for any x ∈ U . When t > ϕ 2 (x), we finally obtain s(u ((x, t) , v), u((x, t), w)) = s(u 2 ((x, t), g(x)v), u 2 ((x, t), g(x)w)) = t v t g(x)J(r + , r − )g(x)w = t vJ(r + , r − )w.
There exists a semialgebraic open subset U of SGL(d, R) and a Nash mapg : U → GL(d, R) such that J(r + , r − ) ∈ U and tg (S)Sg(S) = J(r + , r − ) for any S ∈ U by Corollary 6.10. Take a definable C r isomorphismũ : ξ| W ′ → ǫ d W ′ sufficiently close to u as in the proof of Corollary 4.4. Define a definable C r bilinear forms over the trivial bundle ǫ d W ′ bys(((x, t) , v), ((x, t), w)) = s(ũ ((x, t) , v),ũ((x, t), w)) for any (x, t) ∈ W ′ and v, w ∈ R d . LetS : W ′ → SGL(d, R) be the definable C r map naturally induced from the bilinear forms. Sinceũ is sufficiently close to u, the nondegenerate symmetric matrixS(x, t) is sufficiently close to J(r + , r − ) for any (x, t) ∈ W ′ . In particular, we may assume thatS(x, t) ∈ U for any (x, t) ∈ W ′ .
Define a definable C r isomorphism ψ : 
Proof. We can prove the lemma in the same way as Lemma 6.3 using Corollary 6.11 and Lemma 6.14 in place of Lemma 6.2.
We are now ready to show the homotopy theorem for definable C r bilinear spaces. Proof. We may assume that M is connected without loss of generality. There exist a finite definable open covering {U i } q i=1 and a definable open subset V i of U i × R containing U i × [0, 1] such that the restriction (ξ, s)| Vi of (ξ, s) to V i is definably C r isometric to a trivial bundle of type (r + , r − ) by Lemma 6.15. Let h i : V i × R d → p −1 (V i ) be a definable C r isometry for any 1 ≤ i ≤ q. Shrinking U if necessary, we may assume that U = q i=1 V i . We define r i , s i , u i andũ i in the same way as the proof of Theorem 6.4. Set s * i ξ = (s * i E, p i , U ). The notation s * i s denotes the induced bilinear form over s * i ξ. We have shown thatũ i is a definable C r isomorphism between the definable C r vector bundles s * i−1 ξ and s * i ξ in the proof of Theorem 6.4. We want to demonstrate that u i is a definable C r isometry between the definable C r bilinear spaces s * i−1 (ξ, s) and s * i (ξ, s). For that purpose, we have only to show that s *
. We have shown that u i is a definable C r isometry.
Setũ =ũ q • · · · •ũ 2 •ũ 1 . The U -morphismũ is a definable C r U -isometry between (ξ, s) and r * (ξ, s).
The following corollary is Main Theorem 1.4. Proof. Immediate from Theorem 6.16. Corollary 6.18. Consider definable C r manifolds M and N , where r is a nonnegative integer. Let f, g : M → N be definably C r homotopic definable C r maps. Let (ξ, s) be a definable C r bilinear space over N . Then, the induced definable C r bilinear spaces f * (ξ, s) and g * (ξ, s) are definably C r isometric.
Proof. Immediate from Corollary 6.17. Corollary 6.19. Let ξ be a definable C r vector bundle over a definable C r manifold, where r is a nonnegative integer. Consider two positive definable C r bilinear forms s and s ′ over ξ. Two definable C r bilinear spaces (ξ, s) and (ξ, s ′ ) are definably C r isometric.
Proof. Let ξ = (E, p, M ). Consider the definable C r vector bundle η = (E × R, q, M × R), where q : E × R → M × R is the definable C r map given by q(v, t) = (p(v), t) for any v ∈ E and t ∈ R. We next consider the definable C r bilinear form σ over η given by σ(v, t) = (1 − t)s(v) + ts ′ (v). The bilinear form σ is positive definite for any 0 ≤ t ≤ 1. There exists a definable open subset U of M × R containing M × [0, 1] such that the restriction σ| q −1 (U) of σ to q −1 (U ) is positive definite. Two definable C r bilinear space (ξ, s) and (ξ, s ′ ) are definably C r isometric by applying Corollary 6.17 to the bilinear space (η, σ)| U .
We show counterparts of Corollary 4.4 and Theorem 4.5 for definable C r bilinear spaces.
Theorem 6.20. Let r be a nonnegative integer. Consider two definable C r bilinear spaces over a definable C r manifold which are definably C 0 isometric. They are definably C r isometric.
Proof. Let (ξ, s) and (ξ ′ , s ′ ) be two definable C r bilinear spaces. Let ϕ : (ξ, s) → (ξ ′ , s ′ ) be a definable C 0 isometry between them. We demonstrate that (ξ, s) and (ξ ′ , s ′ ) are definably C r isometric. We may assume that (ξ, s) is the Whitney sum of a positive definite definable C r bilinear space (ξ + , s + ) and a negative definite definable C r bilinear space (ξ − , s − ) by Corollary 6.13. We may also assume that (ξ ′ , s ′ ) is the Whitney sum of a positive definite definable C r bilinear space (ξ ′ + , s ′ + ) and a negative definite definable C r bilinear space (ξ ′ − , s ′ − ) in the same way. Let ι : ξ + → ξ be the natural inclusion and π ′ : ξ ′ → ξ ′ + be the natural projection. The composition π ′ • ϕ • ι is a definable C 0 isometry between (ξ + , s + ) and (ξ ′ + , s ′ + ). We can show that (ξ − , s − ) and (ξ ′ − , s ′ − ) are definably C 0 isometric in the same way. Hence, we may assume that (ξ, s) and (ξ ′ , s ′ ) are positive definite.
Since two vector bundles ξ and ξ ′ are definably C 0 isomorphic, they are definably C r isomorphic by Corollary 4.4. Let ψ : ξ → ξ ′ be definable C r isomorphism. The positive definite definable C r bilinear form s over ξ naturally induces a positive definite definable C r bilinear forms over ξ ′ via the isomorphism ψ. Two definable bilinear spaces (ξ ′ , s ′ ) and (ξ ′ ,s) are definably C r isometric by Corollary 6.19. We have finished the proof. Theorem 6.21. Let r be a nonnegative integer. Any definable C 0 bilinear spaces over a definable C r manifold is definably C 0 isometric to a definable C r bilinear space over the same manifold.
Proof. The definable C 0 bilinear space (ξ, s) over a definable C r manifold is the Whitney sum of a positive definite definable C 0 bilinear space and a negative definite definable C 0 bilinear space by Corollary 6.13. We may assume that the C 0 bilinear space is positive definite without loss of generality. There exists a definable C r vector bundleξ definably C 0 isomorphic to ξ by Theorem 4.5. Let ϕ :ξ → ξ be a definable C 0 isomorphism. The positive definite definable C 0 bilinear form s over ξ naturally induces a positive definite definable C 0 bilinear form s ′ overξ via the isomorphism ϕ. Especially, two definable C 0 bilinear spaces (ξ, s) and (ξ, s ′ ) are definably C 0 isometric.
On the other hand, there exists a definable C r bilinear forms overξ by Proposition 5.2. Two definable bilinear spaces (ξ, s ′ ) and (ξ,s) are definably C 0 isometric by Corollary 6.19. We have finished the proof.
Grothendieck rings and Witt rings are isomorphic
The goal of this section is Main Theorem 1.5. We first review the definitions of the Grothendieck ring and the Witt ring over a commutative ring.
Definition 7.1 (Grothendieck ring over a commutative ring). Let R be a commutative ring. The notation Proj(R) denotes the set of all isomorphism class of finitely generated projective R-modules. We define an equivalence relation ∼ on Proj(R) × Proj(R). Let (P 1 , P 2 ), (P ′ 1 , P ′ 2 ) ∈ Proj(R) × Proj(R). They are equivalent, namely, (P 1 , P 2 ) ∼ (P ′ 1 , P ′ 2 ) if there exist a nonnegative integer r and an isomorphism of R-modules P 1 ⊕ P ′ 2 ⊕ R r ≃ P ′ 1 ⊕ P 2 ⊕ R r . It is easy to check that the relation ∼ is an equivalence relation using the fact that a projective module is a direct summand of a free module.
The set K 0 (R) = Proj(R) × Proj(R)/ ∼ is the Grothendieck ring of R. The notation [(P 1 , P 2 )] denotes the equivalence class of (P 1 , P 2 ). The sum of [(P 1 , P 2 )] and [(P ′ 1 , P ′ 2 )] is given by [(P 1 ⊕ P ′ 1 , P 2 ⊕ P ′ 2 )]. The inverse of [(P 1 , P 2 )] is given by [(P 2 , P 1 )] and denoted by −[(P 1 , P 2 )]. The notation [P ] denotes the element [(P, 0)]. Any element of K 0 (R) is of the form [P 1 ] − [P 2 ]. The product in K 0 (R) is defined using the tensor product of modules.
For instance, the Grothendieck rings K 0 (C r df (R n )) are isomorphic to Z by Corollary 6.8 for all nonnegative integers n and r.
Definition 7.2 (Witt ring over a commutative ring). Let R be a commutative ring such that 2 is invertible in R. The bilinear space H(P ) given by (P ⊕ P ∨ , β) for some finitely generated projective module P is called a hyperbolic space, where P ∨ is the dual of P and β is the bilinear form given by β(x ⊕ ϕ, y ⊕ ψ) = ψ(x) + ϕ(y).
Two bilinear spaces (P, b) and ( have shown that ∆ • ∇ is the identity map. The ring homomorphism ∆ is a ring isomorphism between K 0 (A) and W (A).
We finally demonstrate that the Grothendieck rings K 0 (C r df (M )) and K 0 (C 0 df (M )) are also isomorphic. Since a definable C r vector bundle is simultaneously a definable C 0 vector bundle, we can consider a ring homomorphism Ψ : K 0 (C r df (M )) → K 0 (C 0 df (M )) given by Ψ([Γ(ξ)]) = [Γ(ξ)] by Theorem 3.9. It is injective by Corollary 4.4. It is surjective by Theorem 4.5.
